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Abstract 

Second order equations of the form z{t) + Aoz{t) + Di{t) — are con- 
sidered. Such equations are often used as a model for transverse motions 
of thin beams in the presence of damping. We derive various properties 
of the operator matrix A = [ Jjy ] associated with the second order 
problem above. We develop sufHcient conditions for analyticity of the 
associated semigroup and for the existence of a Riesz basis consisting of 
eigenvectors and associated vectors of A in the phase space. 
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1 Introduction 

A linear equation describing transverse motions of a thin beam can be written 
in the form 



-Q^+d^ ^^ + ^<i£5^ =0, re(0,l),t>0. 



Qj.2 dr^dt 

where u{r, t) is the transverse displacement of the beam at time t and position 
r. The existence and behaviour of solutions u depend also on boundary and 
initial conditions. In the example above we are interested in solution having 
finite energy, i.e. solutions such that ||tt(-,i)|p + ||u"(-,t)|p < oo for alH > 
where || • || denotes the usual norm in the Hilbert space i^(0, 1). Identifying the 
function u{-,t) with an element z{t) £ L^(0,1) by z{t){r) = u{r,t) we obtain 
from the partial differential equation above a second order equation in £^(0, 1) 
of the form 

z{t)+Aoz{t) + Dz{t)^0, (1) 

where Aq = E-^, D ~ ^^-Cd^^- acting in L (0, 1) with appropriate domains 
encoding the boundary conditions under consideration. We will come back to 
this example in Section 6. 

In this paper we study second order equations of type (1) in an abstract 
Hilbert space H where the stiffness operator Aq is a possibly unbounded positive 
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operator on H and is assumed to be boundedly invertible, and D, the damping 

1/2 1/2 

operator, is an unbounded operator such that DA^ is a bounded non- 

negative operator on H . This second order equation is equivalent to the standard 
first-order equation x{t) = Ax{t) where A : V{A) C V{Ay'^) x i/ -> V{Ay'^) x 
H is given by 




V{A) = {[^] e V{Ay^) X V{Ay^) I Aoz + DweH]. 

This operator matrix has been studied in the hterature for more than 20 years. 
Interest in this particular model is motivated by various problems such as stabi- 
lization, see for example [8], [35], [36], [39], solvability of Riccati equations [18], 
minimum-phase property [23] and compensator problems with partial observa- 
tions [19]. 

It is well-known that A generates a Co-scmigroup of contractions in i?i/2 x H , 

where i?i/2 = T^i-^^"^) is equipped with the norm ||a;||i/2 = ll^y^s^llffj and 
thus the spectrum of A is located in the closed left half plane. This goes back 
to [4] and [34], see also [5], [11]. Several authors have proved independently 
of each other that the condition (^q '^^'^ Dz, A^"^ z) h > PWzWj^ is sufficient for 
exponential stability of the Co-semigroup generated by A., see for example [4], 
[5], [7], [11], [17], [20], [41], [42]. 

In this paper we focus on two properties of the operator A. Analyticity 
of the generated semigroup and the Riesz basis property in the phase space 
iJi/2 X H. Analyticity of the Co-semigroup generated by A has been studied 
in many papers, see [10], [11], [12], [13], [16], [21], [22], and [30]. Most of the 
papers require that the damping operator D is comparable with A'' for some 
p £ [1/2, 1]. In [30] the damping operator D is of the form 

D ^ aAo + B, (2) 

where a > is a constant, Aq^ is compact and B is symmetric and Ao-compact. 
If — l/a ^ ap{A), then it is shown in [30] that A generates an analytic semigroup. 
In this case the essential spectrum of the operator A^^D, considered as an 
operator acting in H1/2 consists of the point —1/a only. We extend the result 
of [30] to more general damping operators D: If Aq^ is compact in H and 
^ aessiA^^ D), then A generates an analytic semigroup on H1/2 x H (cf. 
Theorem 4.1 below). In particular, this implies that the above mentioned result 
from [30] holds even if — 1/a e <Tp (A) . 

Note that analyticity of the semigroup generated by A already implies that 
the semigroup satisfies the spectral mapping theorem 

a(T(t))\{0} = e*"('^), t>0, 

see [15, Chapter IV, Section 3.10]. 

We further develop conditions guaranteeing that the space H1/2XH possesses 
a Riesz basis consisting of eigenvectors and finitely many associated vectors of 
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A. The existence of such a system has many important imphcations for the 
operator A; for instance, it imphes that A satisfies the weak spectral mapping 
theorem, that is, 

a{T{t)) = eta{A)^ t>0, 

where {T{t))t>Q is the semigroup generated by A. In particular, it follows 
that the semigroup is exponentially stable if and only if the spectrum of A is 
contained in the open left half plane and uniformly bounded away from the 
imaginary axis. 

The Riesz basis property has been shown in [30] in the situation where Aq^ 
is a compact operator, D is of the form (2) for some a > with a symmetric 
operator B and — 1/a ^ ap{A), if a 7^ (and with some additional assumptions 
in the case a = 0). Similar results were obtained [12, Appendix A] in a more 
special situation. All these assumptions guarantee that the essential spectrum 
of A consists at most of one point. 

In this paper we also assume that Aq^ is a compact operator, but we allow 

a more general damping operators D. In particular, the essential spectrum of 

A may contain infinitely many points. For most of our results we need the 

assumption that ^ aess{AQ^D), where A^^D is seen as an operator acting on 
1/2 

Hi/2 = T^i^o )■ This, however, implies that we cannot handle the case where 
A^^D is a compact operator in i?i/2 unless H is of finite dimension. Together 
with some rather weak conditions the above mentioned imply that there exists 
a Riesz basis in the phase space i?i/2 x H consisting of eigenvalues and finitely 
many associated vectors of A (cf. Theorem 5.1 below). For results involving 
compact Aq^D wc refer the reader to [30]. 

Throughout this paper we assume that all Hilbcrt and Krein spaces are in- 
finite dimensional. Since we are interested in applications to partial differential 
equations, this is no major restriction. 

We proceed as follows. In Section 2 we provide some useful results on the 
spectrum of operators in Krein spaces. In particular, we recall the notion of 
spectral points of positive and negative type and of type 7r+ and type 7r_ . One 
main tool of this paper is to show that certain spectral points of A are of positive 
or negative type or of type or 7r_ . In Section 3 we give the precise definition 
of the operator A and prove some of its properties. The main results of this 
paper arc contained in Sections 4 and 5 where we always assume that that A^^ 
is a compact operator and that ^ aessiA^^ D). The main result of Section 4 is 
that A generates an analytic strongly continuous semigroup. Further, we show 
that 00 is a spectral point of negative type and that every real spectral point 
is of type 7r_|_ . As a consequence we obtain that A is definitizable and that the 
non-real spectrum of A consists of at most finitely many points belonging to the 
point spectrum of A. Further, the operator A can be written as a direct sum 
of a self-adjoint operator in a Hilbert space and a bounded self-adjoint operator 
in a Pontryagin space. Section 5 is devoted to the Riesz basis property of the 
operator A, that is, it is shown that under additional weak conditions there 
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exists a Riesz basis of 'D{Aq ) x H consisting of eigenvalues and finitely many 
associated vectors of A. Finally, in Section 6 the results are illustrated by an 
example: the Euler-BernouUi beam with distributed Kelvin- Voigt damping. 

2 Spectrum of operators in Krein spaces 

Let {H, [■, ■]) be a Krein space. We briefly recall that a complex linear space H 
with a hermitian nondegenerate sesquilinear form [•, •] is called a Krein space if 
there exists a decomposition H = H+^H- with subspaces H± being orthogonal 
to each other with respect to [■, ■] such that (H±,±[-, •]) are Hilbert spaces. In 
the following all topological notions are understood with respect to some Hilbert 
space norm || • || onTi such that [■, ■] is || ■ ||-continuous. Any two such norms are 
equivalent. For the basic theory of Krein space and operators acting therein we 
refer to [9] and [2]. 

Let A be a closed operator in H. Analogously to the Hilbert space case we 
define the extended spectrum ae{A) of A by ae{A) := a (A) if A is bounded 
and CTe{A) := a{A) U {oo} if A is unbounded. The resolvent set of A is denoted 
by p{A). By (A) we denote the set of all A e C which are isolated 

points of cr(A) and normal eigenvalues of A, that is, the corresponding Riesz- 
Dunford projection is of finite rank. A point Aq G C is said to belong to the 
approximative point spectrum aap{A) of A if there exists a sequence (x„) C 'D{A) 
with ||a;„|j = 1, n = 1, 2, . . . , and ||(A — Ao/)a;„|| ^ if n ^ oo. For a self- 
adjoint operator A inH all real spectral points of A belong to (Tap{A) (see e.g. 
[9, Corollary VI.6.2]). The operator A is called Fredholm if the dimension of the 
kernel of A and the codimension of the range of A are finite. The set 



is called the essential spectrum of A. 

Using the indefiniteness of the scalar product on Ti. we have the notions of 
spectral points of positive and negative type and of type 7r+ and type 7r_ . The 
following definition was given in [29] and [33] for bounded self-adjoint operators. 

Definition 2.1 For a self-adjoint operator A in Ti. a point Aq G ct(j4) is called 
a spectral point of positive (negative) type of A if Xq Cz aap{A) and for every 
sequence (a;„) C 1){A) with ||x„|j = 1 and \\{A — Ao/)a;n|| ^ as n —> oo we 
have 



The point oo is said to be of positive (negative) type of A if A is unbounded 
and for every sequence (a;„) C 'C>{A) with lim„^oo \\xn\\ = and ||j4a;„|| ~ I we 
have 



We denote the set of all points of ae{A) of positive (negative) type by a++{A) 
[resp. (T__(A)). 



aess{A) := {A e C I A - A/ is not Fredholm} 



lim inf [xn , x„] > 
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It is not difficult to see that the sets (J-^-^{A) and ct__(A) are contained in M. 
Moreover the non-real spectrum of A cannot accumulate to a++{A) U a- -{A). 

In a similar way as above we define subsets ct^^ (A) and ct^_ {A) of Ce (A) 
containing a++{A) and a {A), respectively (cf. [3, Definition 5]). 

Definition 2.2 For a self-adjoint operator A in Ti. a point Xq G cr{A) is called 
a spectral point of type 7r-|_ (type 7r_) of A if Xq aap{A) and if there exists a 
linear suhmanifold Ti.Q C Ti. with codimTip < cxd such that for every sequence 
(xn) C Ti-o n with \\xn\\ = 1 and \\(A — Ao/)a:;„|| as n ^ oo we have 

lim inf [a;„ , ain] >0 (^resp. lim sup [a;„ , Xn] <0). (3) 

The point oo is said to be of type 7r+ (type 7r_ ) of A if A is unbounded and 
if there exists a linear submanifold Tio C Ti. with codim Tio < oo such that for 
every sequence (x„) C Tio f^'D{A) with lim,i_>oo II^^jiII = and ||Aa;„|| = 1 we 
have 

limini [Axn, Axn] > (^resp. limsup[Axn, Axn] < O). 

We denote the set of all points of ae{A) of type (type 7r_) of A by o'7r^(A) 
{resp. a^_{A)). 

Recall that a self-adjoint operator A in a Krein space {Ti, [■,■]) is called defini- 
tizable if p{A) ^ and if there exists a rational function p 7^ having poles 
only in p{A) such that \p{A)x,x\ > for all x G Ti. Then the spectrum of A is 
real or its non-real part consists of a finite number of points. Moreover, A has 
a spectral function E{-) defined on the ring generated by all connected subsets 
of M whose endpoints do not belong to some finite set which is contained in 
{teM:p(t) = 0}U{oo} (see [32]). _ 

For a definitizable operator A a point t G M is called a critical point of 
A if there is no open subset A with t G A such that either A C a++{A) or 

A C CT (A) . A critical point t is called regular if there exists an open deleted 

neighbourhood Sq oit such that the set of the projections E{5) is bounded where 
S runs through all intervals 6 with S C Sq, see [32]. 

Theorem 2.3 Let A be a self-adjoint operator in Ti satisfying 

aess{A)cM., 00 ea++{A)U a {A) and (t(A) n R C ct^^ (A) U (t^_ (A). 

Then A is a definitizable operator, and the non-real spectrum of A consists of 
at most finitely many points which belong to Up, norm (-4)- 

Proof: 

Assume 00 e (t__(A). By [3, Lemma 2] there exists a neighbourhood U oi 00 
in C with 

U\^<Zp{A) and Ur\R<ZcF—{A)\Jp{A). 

From this and [3, Theorem 18] we conclude that the non-real spectrum of A 
consists of at most finitely many points which belong to crp^norm{A). Then, by 
[3, Theorem 23] and [25, Theorem 4.7], the operator A is definitizable. A similar 
reasoning applies to the case co G (t++ [A) . □ 
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3 Framework and preliminary results 



Throughout this paper we make the foUowing assumptions. 

(Al) The stiffness operator Aq : ^{Aq) C H ^ H is a self-adjoint uniformly 

1/2 

positive operator on a Hilbcrt space H. Wc define Hi ~ ^?(j4q ) equipped with 

1 /2 

the norm || • \\h^ := \\Aq ■ \\h and H_i ~ HI. Here the duality is taken 
with respect to the pivot space H, that is, equivalently H_i is the completion 

— 1/2 

of H with respect to the norm \\z\\h ^ ~ \\Aq ^Wh- Thus Aq restricts to a 

bounded operator '■ Hi H_i. We use the same notation Aq to denote 
this restriction. 

We denote the inner product on iJ by (■,■)// or (•,•), and the duality pairing 
on H_i X Hi by (•, ■)h i xHi ■ Note that for (z', z) ^ H x Hi, we have 



[z ,z)h- 



(A2) The damping operator D : Hi H_i is a bounded operator such 
that j4q DAq is a bounded self-adjoint operator in H and satisfies 

{Dz, z)h_ixHi >0, z e Hi. 

2 2 2 

The equation (1) is equivalent to the following standard first-order equation 

i(t) = Ax{t) (4) 
where A : V{A) C Hi x H H 1 X _ff , is given by 



A 





-A„ 



I 

-D 



V{A) ^\^[^]eHixHi\Aoz + Dw G . 

The operator A itself is not self-adjoint in the Hilbert space Hi x H. It is easy 
to see (e.g. [42]) that A has a bounded inverse in Hi x H given by 



A-' = 



-Ao'D -A^ 
I 



(5) 



where Aq^D is considered as an operator acting in Hi. This together with the 
fact that 

J A, where J = ^ ^ 

is a symmetric operator in the Hilbert space Hi x H , imply the self-adjointness 
of J A in Hi/2 X H . Therefore, (compare also [40, Proof of Lemma 4.5]) 



with V{A*)^ JV{A) 
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and 

Re {Ax, x) < for x e V{A) and Re {A*x, x) < for x G V{A*). 

Hence, A is the generator of a strongly continuous semigroup of contractions on 
the state space Hi x H. This fact is well-known, see e.g. [4], [5], [11], [17], [34] 
or [42]. 

For {y\ ) T{yl) G Hi X H we define an indefinite inner product on Hi x H 
by " ' 

Then {Hi x i/, [•,•]) is a Krein space and ^ is a self-adjoint operator with respect 
to [•,•]. 

In the following proposition we collect the above considerations. 

Proposition 3.1 The operator A is self-adjoint in the Krein space {Hi x 
H, [•, •]), its spectrum is contained in the closed left half plane and lies sym- 
metric with respect to the real line. The operator A has a bounded inverse and 
is the generator of a strongly continuous semigroup of contractions on Hi x H . 

This implies that the spectrum of is a subset of the closed left half 
plane without the origin and symmetric with respect to the real axis. How- 
ever, otherwise the spectrum of A is quite arbitrary. For an example with 
a{A) = {s e C I Res < 0, |s| > £}, e > 0, wc refer to [24]. 

In the following theorem wc give an estimate for the neighbourhood of the 
origin which lies in the resolvent set of A and for the modulus of the eigenvalues 
of A. 

Theorem 3.2 We have A G p{A) if and only if the operator I -\- XA^^ {D + 
considered as an operator in C{Hi), is boundedly invertible. In particular 

{a e C I WXA^'D + X'A^'WdH,) < l} c p{A). (7) 
Moreover, each X G <Jp{A) satisfies 



|A|> 




Proof: 

Let A e p{A). Then by [24, Proposition 2.2] the operator 

X'A^^ +XAo'^^DAo^^^ +1 
is bounded and boundedly invertible in H , hence 

(a^Aq-i + A^o + /) = / + XA^\D + XI) 
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is boundedly invertible in Hi . For the contrary choose A € C, ( " ) <E 'D{A) and 
iy) C Hi X H. Then we have 

(^-A/)(«) = (S) 

if and only if the following equations hold 

V = X + Xu 
-Ao{I + XA^^ {D + XI))u = y + Dx + Xx. 

This implies the first assertion of Theorem 3.2. Let A g ap{A). Then the above 
calculations imply that the operator / + XAq^{D + XI) in Hi is not injective. 
Therefore, there exists a non-zero vector f S Hi with 

f^-XA,\D + XI)f. 

Hence, 

UWhi < \X\ (\\A^'D\\c(H,) + \X\\\A^'\\ciH,)) W/Whi 
and, as \\A^^\\c{Hi) = \\Ao^\\c{h), we conclude 

\\A,'D\\c(hA' 1 Uo'mliH^) ^ 

2\\A^'\\ciH) ) WA^'WciH) ~ ^A^'Wl^^] 
and Theorem 3.2 is proved. □ 

Remark 3.3 The estimate (8) for the eigenvalues is optimal since in the case 
D = it follows that fjL is an eigenvalue of Aq if and only if ±.iy/]l are eigenvalues 
of A. If the uniformly positive operator Aq has a compact resolvent, then the 
smallest eigenvalue of Aq equals WA^^W"^ and the eigenvalue Amin of A with 
smallest absolute eigenvalue is given by 



|Amin| = Vmin{^|/i eigenvalue of Aq,] = yH^o 
which is equal to the right hand side of (8) if D is set to be 0. 



4 Analyticity 

Throughout this section we assume that A^^ is a compact operator. Note 
that Aq'^D, considered as an operator acting in Hi, is a bounded non-negative 
operator. In [24, Theorem 4.1] it is shown that under this assumption for 
A e C\{0} we have 

X ^ (Jessi-A'^^D) if and only if 1/ X ^ <7ess[A). (9) 

If not explicitely stated otherwise, the operator Aq'^D is always considered 
as an operator acting on i?i/2. 

We obtain the following main result concerning analyticity. 
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Theorem 4.1 Assume that Aq ^ is compact in H and that ^ aess{Af^ ^D). 
Then A generates an analytic semigroup on H1/2 x H . 

The proof of this theorem will be given at the end of this section. We first 
prove some properties of the point infinity. The following theorem shows in 
particular that 00 £ (t__(^) if ^ cr^ssiA'f^'^ D). 

Theorem 4.2 Assume that the operator Aq^ is a compact operator in H and 
that ^ a^ssiA'^^D). Then 

00 e (T {A) and M.^ (T„^{A)yj p{A). 

Moreover, the operator A is definitizable and there exists a neighbourhood U of 
00 m C and constants M > 0, m Cz N and 77 > such that 

U\Rcp{A) and U nRc a— (A) U p{A) (10) 

and 

!l(^-A/)-i|| < ^ forallXeU\R, (11) 

WiA- XI)-^\\ < jY^^j^ for all \e p{ A) \R with \lmX\< 7]. (12) 

Further, the non-real spectrum of A consists of at most finitely many points 
which belong to ap^normiA). 

Proof: 

The proof is divided into two steps. First we will prove that 00 G a^-{A). 
In the second step we will show that and M C (T7r+(-4) U p{A). Since by (9) 
the essential spectrum of A is real, Theorem 2.3 yields that ^ is a definitizable 
operator and the non-real spectrum of A consists of at most finitely many points 
which belong to (Jp^norm{A). Further, (10), (11) and (12) follow from [3, Lemma 
2 and Proposition 3] and from [32, Proposition II.2.1]. 

Step 1. By [3, Lemma 10], 00 belongs to a (.4) if and only if 00 belongs 

to a.^_{A). It is easily seen (see e.g. [1]) that this is the case if and only if 
S CTtt- (-4^^). Assume ^ crT_ (-4^^). Then there exists a sequence (( y" )) C 
Hi-kH with Will )||' = ||x„|||^^ +\\ynf = 1 and (^:; ) ^ as n ^ (X) 

and 

linisup[(^„"),(^:)]=limsupf||x„|ll,^ >0. (13) 

n — >oo n — *oo \ ^ / 

By [3, Theorem 14] this sequence can be chosen to converge to zero weakly. 
This gives 

IIAp'^L'Xn + A^^j/„|l_H-i ^ and ||.t„|| ^ as n ^ 00. (14) 

The sequence (^q ^^^yn) converges weakly to zero in Hi. As Aq^ is a compact 

operator in H, Aq^^^ is a compact operator in Hi. It follows that {A^^yn) 
converges to zero in Hi. Then, by (14), we have 

||yl(^"'"I?x„||/fj^ ^0 as n — > 00. 
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Moreover, the sequence (a;„) converges weakly to zero in Hi_, hence the assump- 
tion ^ (Tess(^o ^-D) imphes 

||a;,i||_H"i ^0 as n ^ oo. 

2 

Then ||?/„|| ^ 1 as n oo, in contradiction to (13) and e (t-^_ {A~^) foUows. 
Step 2. Wc now choose /i £ (— oo, 0) and 

span {x e Hi \ Aqx = vx, v < /i^}. 

Then is a finite dimensional subspace of Hi. For every sequence {{y'^)) in 
V{A) n (G^ X G^)^ with II (^;: )||^^ = 1 and {A - ^il) (l: ) ^ as ^ oo 

2 

we have 

hn - tJ-x„\\Hi ^ and ||yloa:;„ + D?/„ + /ij/„|| ^ as n ^ oo. 

2 

This gives 

lim inf [( ) , ( y" )] = hm inf ( (x„ , x„) h ^ - (y„ , y„) ) 

n— >oo n^oo \ 2 / 

= liminf ({AoXn,Xn) ~ /i^(a;„, a;„)) > 0, 

n — yoo 

where the last inequality follows from the fact that x„ G G^ , n e N. Therefore 
R C cr7r+ (-4) and Theorem 4.2 is proved. □ 

Remark 4.3 The stronger assumption ^ a(AQ^D) implies that there exist 
constants a, 7 > with 

'y{Aox,x)H_ixHi < {Dx,x)h_ixHi < a{AQX,x)H_ixHi forxeHi. 
22 22 22 

Proof of Theorem 4.1: 

Since A is the generator of a strongly continuous semigroup, estimate (11) shows 
immediately that A generates an analytic semigroup, see [15, Chapter II, Section 
4.5]. □ 

The following corollary shows that under the assumptions of Theorem 4.2 
the operator A can be written as a direct sum of a self-adjoint operator on a 
Hilbert space and a bounded self-adjoint operator on a Pontryagin space. In the 
situation of D = pAq, p > and a G (0, 1], ,4 is the direct sum of two normal 
operators [12]. 

Corollary 4.4 Assume that the operator A'^^^ is a compact operator in H and 
that ^ aess{AQ^D). Then the space {Hi x H,[-, ■]) decomposes into the direct 
sum of two A-invariant closed subspaces H' and H" , which are orthogonal with 
respect to [•, such that: 
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(i) The space {H', —[■,■]) is a Hilbert space, A\H' is a self-adjoint operator 
in this Hilbert space and 

a{A\H') cR\i-M,oo), 

where M is as in (15). 

(ii) The space {H" , [•, •]) is a Pontryagin space, A\H" is a bounded self-adjoint 
operator in this Pontryagin space with 

c7iA\H") C [-M, 0) U e and a{A\H") C a++{A\H") U S 

where S, C C are empty or consist of finitely many points and Q C 

^p,7iorrn{A\Tf ). 

Proof: 

By Theorem 4.2 the operator A is definitizable with oo E a^-{A) and R C 
o'-TT+iA) U p{A). Denote by E the spectral function of A. Since oo e a^^{A), 
there exists M > with 

R\{-M,M) (Z a—{A)U p{A), (15) 

see [3, Lemma 2]. Set Aq := 1\ [-M,M], H' := E{Aa){Hi x H) and H" := 
{I — E{Ao)){Hi X H). Then the assertions above follow from [25, Theorem 
3.18] and Theorem 3.1. □ 

Remark 4.5 Note that the essential spectrum of A is empty if and only if either 
the essential spectrum of Aq^D is zero or empty, see (9). 

5 Expansion in eigenfunctions 

In the sequel we always assume the Hilbert space H to be separable. An at 
most countably infinite set Ai of elements of a Hilbert space is said to be a 
Riesz basis if there exists an isomorphic mapping A4 onto an orthonormal basis, 
cf. [38, Lecture VI]. 

Condition (17) of Theorem 5.1 below appears already in the celebrated works 
[27, 28], where the case of a bounded self-adjoint operator D and a positive 
compact operator Aq was discussed. We will use this approach in the proof of 
Theorem 5.1. 

Theorem 5.1 Assume that the operator A^^ is compact in H and that 

O^aessiA^'D), (16) 

where A'^^^D is considered as an operator acting in Hi. Assume that the set 

aessiAQ^ D) is countably and has at most countable many accumulation points. 
Moreover, let at least one of the following conditions be satisfied. 
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(a) There exists a S > such that for all f G Hi with \\f\\Hi = 1 we have 

2 2 

{Ao'Df,.f)l, -4(AoV,/)«^ >5. (17) 

2 2 

(b) For all jj, G aessi^A^^D) we have either ^ ^ crp{A) or, if £ (Tp{A), 
there exists no non-zero (^^-ij,^ S ker (yl — such that 

l^^{y,w)Hi= {y,w) for all {^-i^) ekcT{A- ^i^'^I). (18) 

(c) \\A-'^^\\ < inf{A > I A G aessiAo'D)}. 
Then the following assertions hold. 

(i) There exists a subspace of Hi x H of at most finite codimension which 
has a Riesz basis consisting of eigenvectors of A. 

(ii) There exists a Riesz basis of Hi x H consisting of eigenvectors and finitely 
many associated vectors of A. 

(iii) Moreover, i/ (a) holds, then A has no associated vectors, i.e. there are no 
Jordan chains of length greater than one, the spectrum of A is real and 
there exists a Riesz basis of Hi x H consisting of eigenvectors of A. 

As a corollary wc obtain the following result 

Corollary 5.2 Assume that the operator D has the form 

D = aAo + B, 

where a > is a constant and B is a symmetric Aq- compact operator. If — l/a ^ 
ap{A), then there exists a Riesz basis of Hi x H consisting of eigenvectors and 
finitely many associated vectors of A, and A generates an analytic semigroup. 

Proof: 

We define Hi = V{Ao) equipped with the norm || • \\hi ■= \\Aq ■ \\ and 
is the completion of H with respect to the norm || • \\Aq^ ■ |j. Then, 

by assumption, B, restricted from Hi to H, is a compact operator, cf. [26, IV 
1.12]. By the symmetry of S, _B* is an extension of B and a compact operator 
acting from H into H-i. Thus, by interpolation, the operator B considered as 
an operator from Hi to H_i is compact, hence a^ssiAQ^ D) = a and Corollary 
5.2 follows from Theorem 5.1. □ 

In [30] it is shown that under the assumption of the corollary there exists a 
Riesz basis of Hi x Hi consisting of eigenvectors and finitely many associated 
vectors of A, and A generates an analytic semigroup. 
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Proof of Theorem 5.1: 

It suffices to prove Part (i) and (iii) of tfie theorem, as Part (ii) follows imme- 
diately from Part (i). 

Assume that condition (a) holds. By Theorem 4.2 we have M C (t^^(^) U 
p{A). Let A G (Ttj_^{A). Then there exists a sequence {{y'^)) in ^{A) with 

II(^")IIhix_h" = 1 ^^^^ ^ ( a." ) ^ as 77, ^ oo. Hence 



2 

I 

v2„ 



Wl/n — Axnili/j and ||Aox„ + XDxn + A a;„|| — > as n — > oo. 

2 

This implies 

\\xn + XA^^Dxn + X'^Af^^XnWHi ^ asn^oo. (19) 

2 

and 

liminf [(^,';),(^;;)] =liminf ({x,i,Xn)Hi - {yn^Un)) 

= liminf ( (a;„,a;„)//i -A^(a;„,x„)) 

= liminf-A ( (Ag ^£)a::„,x„)_Hi + 2X{A^'^Xn,Xn)Hi] ■ 

n—>oc \ 2 2/ 

Similarly, we have 

limsup[(^"),(y")] =limsup-X({AQ^Dxn,Xn)Hi + 2A(^o ^a;„, x„)/fj_ j . 

Now (a) implies (j{A) C M (sec, e.g. [24, Theorem 3.3]), hence, by Proposi- 
tion 3.1, we have A G (— cx),0). Moreover, by (a), the operator pencil 

L{s) s^I + sA^^D + Aa\ s G C, 

considered as a pencil with values in the bounded operators acting on Hi^ is 
strongly hyperboHc, see e.g. [37, Lemma 31.23]. Therefore, see e.g. [31], we have 

liminf ((A(7^i:)a:;„,a;„)_f/i + 2X{AQ^Xn,Xn)Hi) >0 
limsup ( (Ao"^£)x„,a;„)Hi -|- 2A(A(7^x„, x„)// ^ ) < 0. 



or 



This gives 

a{A) C a+^{A) U a^^{A) C M 
and A has no associated vectors and there exists a Riesz basis of Hi x iJ 

2 

consisting of eigenvectors of A. 

Assume that condition (b) holds and let [i G Uess^—AQ^D) such that ^ G 
CTp (^) . Now, (b) implies that there are no Jordan chains of A corresponding to 
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the eigenvalue - of length greater than one, and, moreover, that ker (A — pi ^I) 
is a non-degenerate subspace of {Hi x H, [■,■]), that is, 

ker {A - fi-^I) n (ker {A - fi~^I)) = {0}, 

where (ker {A — fj,~^I)) ''''' is the orthogonal companion of ker {A — with 
respect to [■,■]. Moreover, (18) implies that /i^^ is a regular critical point of 
A, see [32] or [14, Proposition 1.4]. As all points from a{A) \ (Jess{A) belong 
to (Tp^„orm{A), it turns out that A has only regular critical points and the 
eigenvectors of A form a Riesz basis of a subspace of Hi x 77 of an at most 
finite codimension. The eigenvectors and associated vectors of A form a Ricsz 
basis of Hi x H. 

2 

Condition (c) implies (b), hence Theorem 5.1 is proved. □ 

Theorem 5.1 implies that the operator A is the direct sum of an operator 
similar to a self-adjoint operator in a Hilbert space and a bounded operator in 
a finite-dimensional space. 

Remark 5.3 Assume that the operator Aq^ is compact in H and that (16) 
holds. Then it was shown in the proof of Theorem 5.1 that if (i) holds or if for 
all G i^piA) we have that (18) holds, all critical points of A are regular and 
there are no associated vectors. Hence, A is similar to a self-adjoint operator 
in the Hilbert space Hi x H . 

Remark 5.4 We mention that Theorem 5.1 can be obtained also by methods 
from [2]. For this, one has to show that the operator A~^ belongs to the class 
(H), cf [2, Chapter 3, §5], and then apply [2, Theorem 4.2.12]. 

6 Example: Euler-Bernoulli Beam with distri- 
buted Kelvin- Voigt damping 

We consider a beam of length 1 with a thin film of piezoelectric polymer applied 
to one side and we study transverse vibrations only. Let u(r, t) denote the 
deflection of the beam from its rigid body motion at time t and position r. 
Use of the Euler-Bernoulli model for the beam deflection and the Kelvin- Voigt 
damping model leads to the following description of the vibrations [6] , [43] : 



dt"^ dr"^ 



E— + Cg 
Qj.2 dr^dt 



= 0, re(0,l),t>0. (20) 



/ / Here the flexural rigidity E is a positive physical constant which is determined 
by the beam's area momentum of inertia and its modulus of elasticity and 
Cd G L°°{0, 1) with Cd{t) > c > a.e. describes the damping properties of the 
piezoelectric film. Assuming that the beam is pinned at point and sliding at 
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1, we have for alH > the following boundary conditions: 



lr=0 



0, 



du 
dr 



= 0, 



= 0, 



gj.3 



= 0. 



(21) 



We consider the partial differential equation (20)-(21) as a second order problem 
in the Hilbert space iJ = L^(0, 1). In we define the operator Aq by 

Ao = i?^, I?(Ao) = {z e i7^(0, 1) I z(0) = z'(l) = z"(0) = z"\\) = 0} . 

It is easy to see that the operator Aq satisfies assumption (Al) and that A^^ is 
a compact operator. We have 

ffi = {z G i/^(0, 1) I z(0) = z'(l) = 0} 

1 /2 

with inner product (z, = ^k^" ^")- The operator Aq is given by 

2 

^0^' = ^'^'^ ||z||^>!^||z|P for zGi?.. (22) 

Let x{t) = {u{-,t),u{-,t)). Then \\x{t)\\'jj ^ = \\u"{-,t)\\'^ + \\u{-,t)\\'^ corre- 

spends to the energy of the beam which justifies the choice of L'^{0, 1) as the 
Hilbert space for the analysis of the boundary value problem (20)-(21). 
By G 'C(iJ) wc denote the multiplication operator 

{McJ){x) = Cd{x)f{x) 

and we define the damping operator as 

D = ^A^McA"- 

For z G Hi we have 



{Dz,z)h ,xh, =(Qz",z")h>c|1z"|P>-:c||z|P, 
5 lb 



(23) 



and thus the assumption (A2) holds as well. Furthermore, each solution of the 
abstract problem z{t) + AQz{t) + Dz{t) ~ corresponds to a solution of the 
boundary value problem (20)-(21). We have the following lemma. 

Lemma 6.1 The operators Aq ^^'^ Mc^Aq and Aq^ D are bounded self- adjoint 
operators in H and Hi , respectively, with 
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Proof: A vector x G Hi belongs to ker(y4Q ^ D — \I) if and only if Aq^^x belongs 

2/9 _]^/9 1/2 

to ker(Ao '"DA^ - XT). The operator A^' maps Hi isometrically onto H, 
therefore 

dimkcr(A^^i:» - XI) = dimkcT (A'^^^DA^^^^ - XI). 

2 /2 1/2 1 

Obviously, Aq DA^^ = ^-nd A^ D are bounded self-adjoint operators 
in H and Hi , respectively, and therefore we have for real A 

codim iaii{AQ^D - XI) = dim kcr(A^^D - XI) 

= dimker {A'^^^DA^^^^ - XI) 

= codimran(A(7^/^L>^o"^''^ - A/). □ 

Lemma 6.1 implies ^ aessiA^^ D), as the function Cd satisfies Cdit) > c > 
a.e. By (23), the corresponding operator A generates an exponentially stable 
semigroup on Hi x L^(0, 1) (see the introduction). Moreover, the assumptions 
of Theorem 4.1 are satisfied and thus A generates an analytic semigroup. By 

Theorem 4.2, A is definitizable, 00 G a {A), M C (Tyr^iA) U p{A) and the 

non-real spectrum of A consists of at most finitely many points which belong 

to 0'p_jiorm{A'} . 

In addition, we now assume that the film on the beam consists of several 
patches, that is, 

n 

Cd{x) = ^flfcXAja;), 
fc=i 

where n G N, a^; > 0, /c = 1, • • • , n, are measurable disjoint subsets of (0, 1) 
and 



\JA, = [0,1]. 



k=l 



Theorem 6.2 If 



holds for k = l,...,n, then (a) from Theorem 5.1 is satisfied, that is, the 
spectrum of A is real and there exists a Riesz basis of Hi x H consisting of 
eigenvectors of A. If for all Ok, k ~ 1, . . . ,n, with 

4 r- 

we have —E/ak ^ crp(A), then (b) of Theorem 5.1 is satisfied, that is, there 
exists a Riesz basis of Hi x H consisting of of eigenvectors and finitely many 
associated vectors of A. In particular, this holds true if we have 

4 ^ 

ak> ^vE /or fc = 1, . . . ,n. 
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Proof: 

By (22) and (24), we have for f € Hi 

{A,'DfJ)l^ ={DfJ)l >(min{a, |fc = l,...,n})2|l/|||,^ 

2 2 2 2 

>4||/|P||/|||^, +5\\.f\\H, 

2 2 

for some sufficiently small i5 > and the first assertion of Theorem 6.2 is proved. 

The second and third assertion follow from the fact that for > -^^~E we 
have 

ak{y,y)Ht > ll^r 

2 

and (b) (resp. (c)) of Theorem 5.1 is satisfied. □ 

There is an obvious generalization of Theorem 6.2 for the case of countably 
many patches which we do not give here in detail. 
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